Abstract. Let DZ k be the Q-vector space consisting of double zeta values with weight k, and DM k be its quotient space divided by the space consisting of the zeta value ζ(k) and two products of zeta values with total weight k. When k is even, an upper bound for the dimension of DM k , which gives that of DZ k , is known. In this note, we obtain some sets of specific generators for DM k which represent the upper bound. These yield the corresponding sets and the upper bound for DZ k .
Introduction and main theorem
In recent years, the multiple zeta values have appeared in various contexts in mathematics and physics (cf. [AKNO, BBBL, Za2] ). The double zeta values, which are the multiple zeta values with depth 2 and also called as Euler or Zagier sums, are defined by ζ(q, p) := n>m>0 1 n q m p for integers q ≥ 2 and p ≥ 1. The integer k = p + q is the weight of ζ(q, p) by definition. These values go back to L. Euler [Eu] , and were revisited by N. Nielsen [Ni] , L. Tornheim [To] and L.J. Mordell [Mo] . Euler discovered that the double zeta value ζ(q, p) is a Qlinear combination of ζ(k) and ζ(j)ζ(k − j) (2 ≤ j ≤ k − 2) when its weight k is odd (see [BBG, Introduction] and [HWZ, Theorem 1] for the explicit combination). Furthermore, he gave the formula
for any integer k ≥ 3. Here the real numbers ζ(j) := ∞ m=1 1/m j are the usual zeta values.
Let DZ k be the Q-vector space consisting of double zeta values with weight k, and DM k be its quotient space DZ k /PZ k , where PZ k denotes the space consisting of the zeta value ζ(k) and two products {ζ(j)ζ(k − j)| 2 ≤ j ≤ k − 2} of zeta values with total weight k. We note that generators for the space DM k yield generators with weight k and depth 2 for the graded Q-algebra (not vector space) generated by multiple zeta values. When k is odd, the combinations discovered by Euler give generators {ζ(k)} ∪ {ζ(j)ζ(k − j)| 2 ≤ j ≤ (k − 1)/2} for the space DZ k . The generators imply that the integer (k − 1)/2 is an upper bound for its dimension, and DM k is the null space. Thus the spaces DZ k and DM k for k odd are simpler than those for k even as we see bellow.
Let [x] be the greatest integer not exceeding x, and M k be the space of modular forms of weight k on the modular group SL(2, Z). When k is even, D. Zagier has obtained an upper bound [(k−2)/6] for the dimension of the space DM k (see [IKZ, Section 8 and Appendix] , [Za1] , [Za2, Section 8] 
is an upper bound for the dimension of the space DZ k . This upper bound has been also obtained in the paper [GKZ, Theorem 2 and 3] of H. Gangl et al. by using surprising connections between the structure of DZ k and that of M k . It should be noted that there are related works [Ih, Go, Sc] (see Remark in [GKZ, Introduction] ). However they have not discovered specific generators for DM k and DZ k which give the upper bounds.
The purpose of this note is to prove the following theorem, or to give 2 [(k−2)/6] sets of specific [(k −2)/6] generators for the space DM k when k is even. These sets clearly yield not less than 2
] is consequently an upper bound for its dimension.
Thus DM k consists of ζ(even, even)'s with weight k. It seems uncertain whether the similar fact about the space DZ k holds. On the other hand, we know from [GKZ, Theorem 2, 3] that ζ(odd, odd)'s with weight k generate DZ k , and furthermore satisfy at least (dim M k − 1) linearly independent relations. As an application of Theorem 1, we give a set of specific (k/2 − dim M k ) generators written by ζ(odd, odd)'s for DZ k , which reproduces the known results.
THEOREM 2. (cf. [GKZ, Theorem 2, 3] ) Let k be an even integer with k ≥ 2.
(i) The following linear combinations of ζ(odd, odd)'s, whose number equals k/2−dim M k , generate the Q-vector space DZ k .
(ii) For any odd integer i with [(k + 5)/3] ≤ i < k/2, ζ(odd, odd)'s have a nontrivial equation
such that c i = c k−i and c j = c k−j if j is an odd integer with [(k + 5)/3] ≤ j < k/2 and j = i. The number of the nontrivial equations equals (dim M k − 1).
For the examples of the equations with k = 12 and 16 in Theorem 2 (ii), see [GKZ, Introduction] . In the proof of Theorem 1 bellow, we shall use only relations among double zeta values and Tornheim double series which are defined by (2) T (r, q, p) := n,m>0 1 (n + m) r n q m p for integers r, q, p ≥ 1. The order of (r, q, p) in the definition is reverse in usual papers. Some basic properties of T (r, q, p) are the following.
In the next last section, we prove Theorem 1 and 2.
Proofs of Theorem 1 and 2
Throughout this section, we suppose that k ≥ 2 is even. Let DZ k (r) be the Q-vector space consisting of double zeta values {ζ(j, k − j)| 2 ≤ j ≤ r} for any integer r with 1 ≤ r ≤ k − 1. The space DZ k (r) stands for the null space if r = 1, and equals DZ k if r = k − 1. To give a proof of Theorem 1, we need some relations among double zeta values and Tornheim double series.
LEMMA 3. Let p, q, r be integers with
In particular, under the extra assumption that r ≥ 2, we have
(iii) If 3 ≤ r ≤ k − 3 and r is odd, then
Proof. From [EM, Na, Ts, Za3] (see also [MNOT, Mo, SS] ), we obtain (3). If p ≥ 2, q ≥ 0 and r ≥ 1 with q + r ≥ 2, then, by [Bo, Corollary 2.4] and (1),
Note that S(p, q) and ζ(1) in [Bo] equal ζ(q, p) + ζ(p + q) and 0 respectively. By using the above formula, we deduce (4) and (5) 
, and (6) from T (r, 0, k − r) = ζ(r, k − r).
We prove Theorem 1.
Proof of Theorem 1. Firstly we show that
We see from (3) and (4) 
which is also true when r = k − 1 by (1). By using induction on r, we can obtain
, we see from (3) that T (k/3, k/3, k/3) ∈ PZ k (which was obtained by Mordell [Mo] ), and from (5) that ζ(k/3, 2k/3) ∈ DZ k ((k/3) − 1) + PZ k . Thus we conclude that
Let X k; ε (r) denote the space consisting of {ζ(2j + ε j , k − 2j − ε j )| 1 ≤ j ≤ r} for any integer r with 1 ≤ r ≤ [(k−2)/6]. We see from (6) that
This completes the proof.
Finally we give a proof of Theorem 2.
Proof of Theorem 2. From Theorem 1 with ε 1 = . . . = ε [(k−2)/6] = 1 and the harmonic relation ζ(p)ζ(q) = ζ(p, q)+ζ(q, p)+ζ(p+q), we see that the real numbers {ζ(j, k−j)| 3 ≤ j ≤ [(k + 2)/3], j odd } ∪ {ζ(j, k − j) + ζ(k − j, j)| 2 ≤ j ≤ k/2, j odd } ∪ {ζ(k)} whose number equals (k/2 − dim M k ) generate the space DZ k . This together with the formula [GKZ, Theorem 1] k−1 j=3 j odd ζ(j, k − j) = 1 4 ζ(k) yields (i). We next prove (ii). By (i), the fact that ζ(i, k − i) ∈ DZ k for any odd integer i with [(k + 5)/3] ≤ i < k/2 implies the nontrivial equations stated in (ii). Since the numbers of the generators in (i) and ζ(odd, odd)'s with weight k equal (k/2−dim M k ) and (k − 2)/2 respectively, the number of the nontrivial equations equals (dim M k − 1).
